Understanding stochastic diffusion of energetic charged particles in non-uniform background magnetic field is one of the major problems in plasmas of space and fusion devices. In this paper by using the improved perturbation method developed by He It is demonstrated that the form of perpendicular diffusion coefficient is form-invariable for the infinite self-iteration effect, but the parallel diffusion coefficient is modified by it. And for simplification by using the simple pitch-angle diffusion model D µµ = d (d is a constant) we find that the modifying factor to parallel diffusion coefficient coming from the infinite self-iteration effect need to be considered at least for the simple model.
1. INTRODUCTION Energetic charged particle propagation in turbulent magnetic field is one of the fundamental problems in cosmic-ray physics and space weather forecasting as well as Tokamak fusion devices (see, e.g., Schlickeiser 2002; Shalchi & Schlickeiser 2005; Shalchi et al. 2006; Qin 2007; Hauff & Jenko 2008; Shalchi 2009a ). In the investigation of energetic particle transport through magnetized plasmas, according to observations one usually assume the magnetic field configuration as the superposition of a background magnetic field B 0 and a turbulent component δ B. Such the configuration can be found in the solar system, interstellar space and controlled fusion derives.
Because the background magnetic field breaks the symmetry of the magnetized plasmas, one have to distinguish particle diffusion along and across the large-scale magnetic field. Since parallel diffusion is far greater than the perpendicular diffusion in some scenarios, some previous articles only consider the parallel diffusion (see, e.g., Shalchi 2011; Litvinenko 2012a,b; . However, for some cases, e.g., high turbulence level, perpendicular propagation of energetic particles is another important transport, which should be retained in the evolution equations of particle transport.
Various analytical theories for parallel and perpendicular diffusions of energetic charged particles have been developed in the past. First treatment of perpendicular diffusion is the quasilinear theory which corresponds to the first order perturbation theory (see, Jokipii 1966) . But the quasilinear theory is problematic and nonlinear description for particle propagation is essential, especially, for particle perpendicular diffusion. Nonlinear Guiding Center (NLGC) theory developed by Matthaeus et al. (2003) is the important breakthrough, which agrees well with the computer simulation of two-component (slab+two-dimensional) turbulence model (see, Matthaeus et al. 1990 ).
By using Fokker-Planck equation of energetic charged particles to treat fourth-order correlation, Shalchi (2010) developed the Unified Nonlinear Transport (UNLT) theory for perpendicular diffusion coefficient. This theory can be applied for arbitrary turbulence geometry and can explain subdiffusive transport for slab turbulence and recovery of diffusion for three-dimensional and quasithree-dimensional turbulence models.
However, these previous papers about parallel and perpendicular diffusions all only explored the uniform mean magnetic field. But by radio continuum surveys of interstellar space and direct in-situ measurements in solar system it is already well established that for many scenarios the background magnetic fields are spatially varying. And the spatially varying mean magnetic field leads to adiabatic focusing effect of charged energetic particle transport and introduces modification to the particle diffusion coefficients. Some scientists have already explored analytically the energetic charged transport with along-field adiabatic focusing (see, e.g., Roelof 1969; Earl 1976; Kunstmann 1979; Beeck & Wibberenz 1986; Kóta 2000; Schlickeiser & Shalchi 2008; Shalchi 2009b Shalchi , 2011 Litvinenko 2012a,b; Wang & Qin 2016; Wang et al. 2017) . And the perturbation theory is the frequently used method to explore the influence of adiabatic focusing on particle transport (see, e.g., Beeck & Wibberenz 1986; Schlickeiser & Shalchi 2008; Schlickeiser & Jenko 2010; Litvinenko & Schlickeiser 2013; ). In the perturbation theories, since anisotropic distribution function is shown as the form with infinite selfiteration, the derived isotropic distribution function governing equation (hereafter IFGE) contains the infinite self-iteration effect (hereafter ISIE) of anisotropic distribution function. And the ISIE might make an impact on the coefficients of IFGE. By using different truncating methods the approximate coefficient formulas of parallel and perpendicular diffusion have been obtained (see, e.g., Schlickeiser & Shalchi 2008; Schlickeiser & Jenko 2010; .
In this paper by using the improved perturbation method (hereafter IPM) developed by (hereafter HS2014) we derive the IFGE and obtain the corresponding coefficients including the ISIE. And in this paper the coefficient formulas of parallel streaming, parallel diffusion, perpendicular diffusion and the third-order derivative term which all include the ISIE will be explored and discussed.
The paper is organized as follows. In Section 2, by considering adiabatic focusing effect, the isotropic distribution function governing equation (IFGE) with the term of infinite self-iteration effect (ISIE) of anisotropic distribution function is obtained. In Section 3 we obtain the approximate coefficient formulas of perpendicular diffusion, parallel diffusion, streaming term and third-order derivative term by employing the truncating operation for the IFGE. In Section 4 we deduce these coefficients including the ISIE, then the modifying factors are obtained. And in Section 5 the specific values of the modifying factors are computed for a simple pith-angle diffusion coefficient. We conclude and summarize our results in Section 6.
EQUATION OF ISOTROPIC DISTRIBUTION FUNCTION
The starting point is the modified Fokker-Planck equation for the gyrotropic energetic charged particle distribution function, which incorporates the pitch-angle diffusion and perpendicular diffusion and along-field adiabatic focusing
Here µ = v z /v is pitch-angle cosine with particle speed v and its z-component v z , D µµ is pitch-angle
is the adiabatic focusing length of the large-scale magnetic field B 0 (z), and ∆ ⊥ = ∂ 2 /∂x 2 + ∂ 2 /∂y 2 is the differential operator. The source term is not included, and we assume that the adiabatic focusing length L is a constant in this paper.
In Equation (1), we have assumed axisymmetry and neglected stochastic acceleration. A more complete form of the Fokker-Planck equation can be found in Schlickeiser (2002) . The purpose of this paper is to explore the influence of the infinite self-iteration effect (ISIE) of anisotropic distribution function on all of the coefficients of isotropic distribution function governing equation (IFGE), so we neglect the terms related to the momentum and drift diffusion in the general Fokker-Planck equation.
It needs to be stressed that Equation (1) is the evolution equation of the linear phase space density
And the evolution equation of f 0 (x, y, z, p, µ, t) is the standard Fokker-Planck equation as follow
In the following subsection starting from the modified Fokker-Planck equation we derive the accurate formula of the anisotropic distribution function g(µ) by employing the improved perturbation method (IPM) developed by (HS2014).
The accurate anisotropic distribution function g(µ)
Due to dominating pitch-angle scattering the gyrotropic phase space distribution functions adjust very rapidly to a quasi-equilibrium that is close to the isotropic equilibrium distribution. So we split the gyrotropic cosmic-ray phase space density f ( x, µ, t) into isotropic part F ( x, t) and anisotropic part g( x, µ, t) as in previous articles (see, e.g., Schlickeiser et al 2007; Schlickeiser & Shalchi 2008; f
with
and
As in HS2014, by integrating Equation (1) over µ from -1 to 1 we can obtain
And integrating Equation (1) over µ from -1 to µ, the following equation can be found
In the two latter equations the common assumption D µµ (µ = ±1) = 0 is used. Subtracting Equation (6) from (7) we can get
we can obtain
Then the anisotropic distribution function can be got as follow
In the paper of the assumption R(µ) = 0 was used and the approximate expression of g(µ) was obtained. But Equation (12) in this paper is an accurate formula. Considering
Equations (9) and (12) we can find that the anisotropic distribution function g(µ) is an function with
also the function including the infinite self-iteration effect (ISIE).
The governing equation of F ( x, t) with infinite self-iteration effect
In this subsection we derive the accurate governing equation of isotropic distribution function F ( x, t). By using Equation (12) the following equations can be obtained
Substituting Equations (14) and (15) into Equation (6) yields
From Equations (9), (12) and (13) we can see that Λ(µ) is the function with the infinite self-iteration effect (ISIE) coming from g(µ). The quantity Λ(µ) might have an correction for the coefficients of Equation (16). So, if the quantity Λ(µ) is directly neglected in Equation (16), the error to the coefficients might be introduced.
ANALYTICAL COEFFICIENTS OF THE ISOTROPIC DISTRIBUTION GOVERNING EQUATION FOR Λ( X, µ, T ) = 0
If the right-hand side of Equation (16) is set equal to zero, i.e., Λ(µ) = 0, the approximate anisotropic distribution function g 0 (µ) can be got as follow
which is precisely identical with the Equation (20) in HS2014.
By using the condition Λ(µ) = 0, Equation (16) can be simplified as follow
Equations (20)- (23) But as discussed in the above section the approximation Λ(µ) = 0 might introduce error to the coefficients of parallel and perpendicular diffusions and the coefficient of third-order derivative term.
In next section the coefficients of the isotropic distribution function governing equation (IFGE) with the infinite self-iteration effect (ISIE) will be derived, and the influence of Λ(µ) on the coefficients will be explored.
ANALYTICAL COEFFICIENTS WITH INFINITE ITERATION EFFECT
In this section we derive the analytical formulas of the coefficients including the infinite self-iteration effect (ISIE) of g(µ). From Equation (17) we can see that in order to get the analytical coefficients with the ISIE, the influence of ∂R/∂z and ∆ ⊥ R need to be explored. Combining Equations (9) and (13) the formula of R(µ) can be obtained
From the latter equation we can get the formulas of ∂R/∂z and ∆ ⊥ R as follows
In the following subsections we derive the coefficients with the ISIE.
The analytical perpendicular diffusion coefficient with the ISIE
In this subsection we investigate the modification of Λ(µ) to perpendicular coefficient κ ⊥ . Obviously, because the perpendicular diffusion term κ ⊥ ∆ ⊥ F do not contain the first-order derivative ∂/∂z, ∂/∂t and the fourth-order derivative ∆ ⊥ ∆ ⊥ , so Equation (26) cannot make any contribution to spatial perpendicular diffusion coefficient κ ⊥ . The following form is used to denote the above meanings
Similarly, from Equation (25) we can find ∂R ∂z
Combining formulae (27) and (28) yields Λ(µ)
The latter formula means no matter how many self-iteration of g(µ), the term Λ(µ) do not make any contribution to perpendicular diffusion coefficient. So, we can obtain the perpendicular diffusion coefficient with ISIE as
Therefore, the perpendicular diffusion coefficient formula is form-invariable for arbitrary Λ(µ).
The analytical parallel diffusion coefficient with the ISIE
By using the same means as in above subsection we can obtain the parallel diffusion coefficient with the infinite self-iteration effect (ISIE) as
Here κ is the spatial parallel diffusion coefficient with adiabatic focusing effect derived by HS2014
for Λ(µ) = 0, which is also obtained in some previous papers (see , 
The analytical parallel streaming coefficient with the ISIE
Since the parallel streaming term only contains the first-order derivative of F ( x, t) over z, so the term containing operator ∆ ⊥ cannot make any contribution to the parallel streaming term. Therefore, we can get
From Equation (25) we also can find ∂R ∂z
So the term Λ(µ) cannot make any correction to the coefficient of the parallel streaming, that is,
Therefore, the coefficient of the parallel streaming is also form-invariable for the ISIE as the perpendicular diffusion coefficient.
The analytical coefficient of the third-order derivative term with the ISIE
Since the third-order derivative term ∆ ⊥ ∂F/∂z only contain operator ∆ ⊥ ∂/∂z, so if and only if the terms containing operator ∆ ⊥ ∂/∂z in Λ(µ) can lead to correction to the coefficient of ∆ ⊥ ∂F/∂z.
Employing the same method and symbols in above subsections we can obtain
and ∂R ∂z
Then combining formulae (37), (38) and (17) we can get the coefficient of the third-order derivative term with the effect of IFIG as
4.5. Discussion about the coefficients with the ISIE
In the above subsections the coefficients of parallel diffusion, perpendicular diffusion, parallel streaming and third-order term with the effect of infinite iterations of g(µ) (IFIG) are derived as
where A 1 , A 2 and A 3 are Equations (33), (40) and (41) respectively.
Formulas (42)- (45) It is possible that the IPM of HS2014 is not the only perturbation method which can be used.
So, the parallel and perpendicular coefficients with the effect of IFIG derived in this paper might only be applicable to the IPM of HS2014. We will look for the other possible IPM, deduce the corresponding governing equation, explore the properties of their coefficients and investigate the relationship between the coefficients derived by different IPM in the future.
In fact, the pitch-angle Fokker-Planck scattering coefficient D µµ and perpendicular diffusion coefficient D ⊥ is related each other (see , Shalchi 2009a) . Pitch-angle scattering should be affected by adiabatic focusing, that is, D µµ (L, µ) (Tautz et al 2014) . And perpendicular diffusion should be also affected by adiabatic focusing effect, i.e., D ⊥ (L, µ). So the spatial perpendicular diffusion coefficient
Therefore, in order to obtain the specific spatial parallel and perpendicular diffusion coefficients, the specific Fokker-Planck perpendicular diffusion coefficient D ⊥ (L, µ) has to be obtained, the coupling relation between D µµ (L, µ) and D ⊥ (L, µ) also need to be explored, which are all our future tasks.
CALCULATING THE MODIFYING FACTORS
In this section the values of modifying factors A 1 , A 2 and A 3 are calculated. From the formulas of A 1 , A 2 and A 3 [see Equations (33), (40) and (41) Firstly, we explore the trend of modifying factor A 1 for L → ∞, that is, the background magnetic field tending to uniform.
can be obtained. So, the following relation can be found
Similarly, we can get
Therefore, when L → ∞, we can find that A 1 → 0 and κ
Furthermore, the following form can be got
By using integrate in part we can obtain
Inserting the latter equation into Equation (48) yields
Becuse v/(2L)
which is perfectly identical with parallel diffusion coefficient for uniform background magnetic field.
From the above discussion we can see that for L → ∞ the modified factor A 1 → 0 and the parallel diffusion coefficient tends to the result of uniform field. In the following by using the simple d-model we approximately compute A 1 and explore the modification of adiabatic focusing on parallel diffusion coefficient.
We firstly simplify M(µ) as
By employing the latter equation the parallel diffusion coefficient κ obtained by the previous papers (see , Beeck & Wibberenz 1986; Kóta 2000; Litvinenko 2012a; can be simplified as
After inserting Equation (52) and
, we can rewrite
By using following formulas
Combining Equations (64)- (66) and (55) we can obtain
Comparing the latter formula with Equation (54) we can find that the terms containing ξ in A 1 and κ are not only all proportional to ξ 2 but also the signs of them are all negative. Furthermore, the absolute value of the coefficient of ξ 2 in A 1 is almost 1.66 times of one in κ . Therefore, the influence of A 1 need to be considered at least for the simple model D µµ = d (d=constant). This conclusion is the third main result in this paper. For the specific turbulence models and different turbulence level we will numerically compute A 1 and contrast it with the modifying term derived by previous researchers (see, e.g., Litvinenko 2012a; in the future.
Calculating the modifying factors A 2 and A 3
In this subsection we calculate the modifying factor A 2 and A 3 . We firstly explore how much A 2 and A 3 tend to when L tending to infinity. As discussed in the above subsection, for L → ∞ the quantity M(µ) → 0 and then e M (µ) and e −M (µ) all tend to 1. So, we can find
Then we can get
For simplification we assume D µµ is equal to a constant d. Then A 2 becomes
For the purpose of simplification we assume the Fokker-Planck perpendicular diffusion coefficient satisfies the following relation
which is approximately satisfied by the simulation results of Qin & Shalchi (2014) . After combining
Equations (69) and (70), by using integrating by part we can obtain A 2 → 0, which means that when adiabatic focusing length L tends to infinity the modifying factor A 2 tends to 0.
Here we explore how much A 3 tends to when L → ∞. For L → ∞ by employing e M (µ) → 1 and e −M (µ) → 1 the modifying factor A 3 becomes
Obviously,
dµ) tends to zero. And considering Equation (47) In what follows, we approximately compute A 2 . And it can be simplified as
By using Equations (62) and (63) we can obtain
modifying factor A 3 becomes
Through a lengthy calculation we can obtain
Then the sum of A 2 and A 3 is
Comparing Equation (80) with Equation (86) we can find that the modifying factor M from the infinite self-iteration effect (ISIE) is almost −5 times the value of κ 3 . So, if the third-order derivative term ∆ ⊥ ∂/∂z is needed to be considered, the modifying factor M should also be. This is the fourth main result in this paper.
SUMMARY AND CONCLUSION
One of the major problems in space plasmas and fusion devices is the energetic charged particle diffusion along and across the background magnetic field. Some observations have showed that for some cases the background magnetic field is non-uniform and particle diffusion is modified by the nonuniformity, that is, adiabatic focusing of the mean magnetic field affects particle transport. In the past decades some theories and methods have been developed to investigate this problem. Almost early methods are based on perturbation theory (see, e.g., Schlickeiser & Shalchi 2008; Schlickeiser & Jenko 2010) .
The results in this paper are applicable to the energetic particle's transport in heliosphere, solar corona, and fusion devices, e.g., Wendelstein 7-X in Max-Planck institute, where the non-uniformity of the mean fields is important.
For relative strong adiabatic focusing effect, higher-order derivative terms in the enclosed governing equation of isotropic distribution function F ( x, t) should be retained and corresponding coefficients should be explored. If causality is considered, the telegraph equation, which can be obtained by iteration method should be developed. We will investigate these interesting topics in the future.
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